We report on a many-body theoretical study of the effects of electron-͑optical͒phonon interaction on transport through zigzag semiconducting carbon nanotubes. We show that the interaction with A 1 ͑L͒ phonon mode of energy ប 0 induces the opening of nonequilibrium energy gaps at ប 0 / 2 and/or ប 0 above ͑below͒ the charge neutrality point, depending on the tube diameter and phonon population. These mechanisms, which correspond to inelastic backscattering with phonon emission ͑absorption͒, are beyond the scope of the conventional Born-Oppenheimer and Fermi golden rule approximations.
Carbon nanotubes ͑CNTs͒ are nanometer scale diameter tubes made of graphitic carbon. Since their discovery, these objects have captivated the attention of numerous researchers due to their exceptional mechanical and electrical properties. 1 In particular, the study of electronic transport in CNTs stands as a major driving force, with phenomena that include superconductivity and Luttinger liquid behavior. Besides, recent progress in the fabrication of low resistance contacts allowed the observation of ballistic electron transport in metallic 2, 3 as well as in semiconducting nanotubes, 4 thus offering an outstanding arena for studying the intrinsic transport properties in low dimensionality. However, ballistic transport is limited to the low bias regime whether at high bias a current saturation attributed to electron backscattering by optical or zone boundary phonons is observed. 4, 5 Motivated by these experiments, a wealth of theoretical studies were aimed at describing the effects of electron-phonon ͑e-ph͒ interaction, most of them focused on metallic nanotubes. They include simulations based on the Boltzmann equation, [6] [7] [8] [9] the Fermi golden rule, 10 the Kubo approach, 11 and the use of a diagonal approximation for the phonon self-energy in the self-consistent Born approximation. 12, 13 In contrast, much less attention was given to semiconducting CNTs despite their prime relevance to engineer novel field-effect transistors.
While most of the theoretical approaches to e-ph interaction can only cope with perturbative effects, physics beyond ordinary perturbation theory can play a key role in these systems and may yield important modifications of both phonon and electronic band structures. Fundamental examples are the Kohn anomaly 14 and the Peierls transition. 15 In CNTs the latter is not effective enough to open an energy gap except for tubes either with a very small radius 16 or at very low temperatures ͑ϳ10 K͒. 17 Nevertheless, based on ab initio calculations, Dubay et al. 18 found a softening of an A 1 ͑L͒ phonon mode in metallic tubes, not able, however, to produce a static lattice distortion. Strikingly, no softening of the A 1 ͑L͒ phonon mode was found for semiconducting tubes of similar diameter, suggesting that e-ph coupling is inefficient for semiconducting tubes in the diameter range explored in Ref. 18 ͑d Ͻ 16 Å͒. In Ref. 19 , by using a nonperturbative many-body treatment for the e-ph interaction in metallic tubes, the coupling of electrons with A 1 ͑L͒ phonon mode was proven to induce the opening of nonequilibrium energy gaps at ប 0 / 2 above ͑below͒ the charge neutrality point ͑CNP͒ owing to phonon emission ͑absorption͒ activated through a bias voltage. This novel mechanism was shown to induce an onset of current saturation for bias voltages of ϳប 0 .
In this Brief Report, we present a theoretical study of the effects of the interaction between electrons and A 1 ͑L͒ optical phonons in the transmission through ͑N ,0͒ semiconducting zigzag tubes. The observed phenomena are found to critically depend on the tube diameter. For long diameter tubes ͑d Ͼ 4.4 nm, N ജ 55͒, two main features driven by e-ph coupling are observed: the opening of energy gaps at ប 0 /2 and ប 0 above ͑below͒ the CNP due to inelastic backscattering with the emission ͑absorption͒ of one and two phonons, respectively. For tubes with d Ͼ 2.1 nm ͑N ജ 28͒, only the second feature remains robust, while for d Շ 2.1 nm, none of these features are present, thereby suggesting that the interaction with A 1 ͑L͒ phonons does not play any role in this case. 20 This is in striking contrast with metallic tubes of similar radii. 19 The scaling with the tube length as well as the effect of an increase in the phonon population are also investigated. These features, which we explain as a lifting of degeneracies between e-ph Fock states due to the e-ph interaction, are beyond the scope of semiclassical treatments based on the Born-Oppenheimer 21 and Fermi golden rule approximations. + and b being the operators for the A 1 ͑L͒ phonons. Finally, the e-ph interaction in the central part of the tube is described through a Su-Schreiffer-Heeger Hamiltonian: 21, 22 H e-ph = ͚ ͗i,j͘
where the e-ph matrix elements are given by ␥ i,j
is the phonon mode eigenvec-tor. ␦ i,j is a unit vector in the bond direction and ␣ is the e-ph coupling strength. For the A 1 ͑L͒ phonon mode considered here, A-and B-type atoms move out of phase in the direction parallel to the tube axis ͓see scheme in Fig. 1͑a͔͒ . This gives e-ph matrix elements ␥ i,j e-ph with values ␥ 0 e-ph =−␣ͱប / ͑m 0 ͒ for bonds ͑i , j͒ that are parallel to the tube axis, and −␥ 0 e-ph cos͑ /3͒ for bonds ͑i , j͒ that are tilted with respect to the tube axis. 23 To investigate quantum transport for the e-ph Hamiltonian ͑1͒, the approach introduced in Refs. 24 and 25 is used. The keystone is to write the Hamiltonian in an appropriate basis for the e-ph Fock space ͑a single electron plus phonons͒ to construct an equivalent multichannel one-body problem. To fix ideas, let us consider an electron that tunnels from a left electrode ͑L͒ to a right electrode ͑R͒, while it interacts with a single phonon mode. Then, the asymptotic states in the noninteracting electrodes can be labeled by means of two indices: ͑X , n͒, X = L , R being the index corresponding to the electrode and n the number of phonons in the system. This is equivalent to a multichannel one-body problem where the asymptotic states in the e-ph Fock space include both the electronic and vibrational degrees of freedom. Each phonon mode adds a dimension to the problem. The transmission T ͑X,n͒→͑Y,m͒ and reflection probabilities R ͑X,n͒→͑Y,m͒ between the different channels are computed by using Green's function techniques. 26 Once these probabilities are calculated, they are used as inputs to obtain the self-consistent nonequilibrium electron distributions in the leads ͑at finite temperature and voltage͒. 27 The electronic current can be obtained from these self-consistent distributions which take into account the Pauli exclusion principle for the different competing elastic and inelastic processes. Figure 1͑a͒ shows the total transmission probability T͑E͒ = ͚ n T ͑L,n 0 ͒→͑R,n͒ ͑E͒ for a ͑70,0͒ tube as a function of the incident's electron energy E for different tube lengths L. These curves are for the case when there are initially no phonons in the system, n 0 = 0. All the energies are expressed in units of ␥ 0 , the value of ប 0 is taken as 0.07␥ 0 , 18 and ␣ = ␣ 0 Ӎ 7 eV/ Å is estimated from Ref. 28 . The main features are the appearance of dips of different widths at E ϳ ប 0 /2 and E ϳ ប 0 above the CNP ͑E =0͒ that develop into full gaps as L increases. The elastic part of the transmission almost coincides with T and is not shown in Fig. 1͑a͒ for better visualization. Although the transmission is dominated by elastic processes, the main contributions to the reflection probability are inelastic. In particular, we observe that the transmission suppressions at E ϳ ប 0 / 2 and E ϳ ប 0 are complemented by an increase in the probability of inelastic backscattering with the emission of one and two phonons, respectively.
In the left inset of Fig. 1͑a͒ , the curve in the main frame for L = 1.5 m is reproduced over a broader energy range ͑top inset͒ together with those obtained when one and two phonons are already available for scattering, n 0 =1,2 ͑center and bottom insets͒. The area under the curves are filled in blue ͑color online͒. For n 0 =1,2, the gaps observed in the top inset are enhanced due to stimulated phonon emission. Besides, we observe that phonon absorption processes originate the opening of additional gaps at E ϳ −ប 0 / 2 and E ϳ −ប 0 . These features correspond to inelastic backscattering with the absorption of one and two phonons.
What is the scaling behavior with the tube radius? As the tube radius decreases, the intrinsic semiconducting gap ⌬ 0 broadens. For ͑N ,0͒ tubes with N Ͻ 55 ͑d Ͻ 4.4 nm͒, ⌬ 0 Ͼប 0 and the phonon-induced gap at E ϳ ប 0 /2 disappears ͓see Fig. 1͑b͔͒ . For N Ͻ 28, ⌬ 0 Ͼ 2ប 0 and the phonon-induced gap at E ϳ ប 0 does not manifest ͓see Fig.  1͑c͔͒ . Finally, we find that for tubes with diameter smaller than 2.1 nm, this longitudinal optical mode does not play any role.
To gain an understanding of these phenomena, let us consider an infinite zigzag tube in the presence of e-ph interaction. The use of a mode decomposition 29, 30 for the electronic part of the Hamiltonian simplifies the analysis. The idea is to rewrite the problem on the basis that diagonalizes H e for each layer of carbon atoms perpendicular to the tube axis. The Hilbert space can be expanded in terms of the states ͉l q ͘ corresponding to the different circumferential modes q ͑q =0,1, ... ,N −1͒ localized at the lth layer of the tube. In the absence of static disorder, the electronic Hamiltonian H e does not couple the different modes, and the different subbands correspond to linear chains with alternating hoppings ␥ 0 and ␥ q =2␥ 0 cos͑q / N͒ and dispersion relations: 
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. For metallic tubes, the massless subbands that contribute to the density of states close to the CNP correspond to q = N /3,2N /3.
Furthermore, the symmetry of the considered phonon mode prevents the coupling between different circumferential modes, thus giving N independent problems for each value of q. The corresponding e-ph matrix elements ␥ l q ,l q Ј e-ph have alternating values ␥ 0 e-ph and −␥ 0 e-ph cos͑q / N͒. The Fock space for the coupled e-ph system can be expanded either in terms of the basis states ͕͉l q , n͘ = ͉l q ͘ ͉n͖͘, where ͉n͘ corresponds to the state with n phonons in the system, or alternatively, ͕͉k , n͘ = ͉k͘ ͉n͖͘ where ͉k͘ is a plane wave in mode space with wave vector k along the axis direction.
To understand the gaps in Fig. 1 as well as the scaling with the tube diameter, let us analyze a generic sub-band q. We start by writing H e as a sum of two parts: H e ͑0͒ which is the Hamiltonian for a massless subband and H e ͑1͒ ϵ H e − H e ͑0͒ .
The matrix elements of H e ͑1͒ are proportional to the intrinsic gap of the subband ͉͑␥ 0 ͉ − ͉␥ q ͉͒ and have a two layer periodicity with associated wave vector K = / a ͑a ϵ 3a cc /4͒. By neglecting H e ͑1͒ and H e-ph in the Hamiltonian, we obtain dispersion relations ͑0͒ ͑k , n͒ = ͗k , n͉H e ͑0͒ + H ph ͉k , n͘ as shown schematically in Fig. 2 for n =0,1,2 using a reduced zone. The effect of the neglected terms, H e ͑1͒ and H e-ph , are potentially stronger at the points where these curves intersect with each other ͑see Fig. 2 , right panel͒. For nonvanishing H e ͑1͒ , there is an energy gap ⌬ 0 at the crossing points located at the border of the zone. The other intersection points correspond to degenerate Fock states whose phonon numbers are different, ⌬n = ± 1 , ± 2, and are located at electronic energies ±ប 0 / 2 and ±ប 0 . Their degeneracy can only be lifted by the e-ph interaction term. The magnitude of ⌬ 0 , which is of topological origin and not related to e-ph coupling, has a direct influence on the crossing points with ⌬n = ±1, ±2. For ⌬ 0 Ͼប 0 , there are no degeneracies with ⌬n = ± 1, while those with ⌬n = ± 2 are absent for ⌬ 0 Ͼ 2ប 0 . When present, the degeneracies between Fock states differing in one phonon will be lifted due to the two-layer spatial periodicity of the e-ph interaction ͑͗±k 1 ϯ K , n 0 ͉H e-ph ͉ ± k 1 , n 0 +1͘ 0͒, leading to a gap ⌬ 1 ͑n 0 ͒Ӎ2 ͱ n 0 +1͉␥ 0 e-ph ͉͑1+͉cos͑q / N͉͒͒. On the other hand, the degeneracies involving ⌬n = ± 2 are also lifted by the two-phonon processes, giving rise to a gap ⌬ 2 ͑n 0 ͒ Ӎ͑1/4͓͒⌬ 1 ͑n 0 ͒ / ប 0 ͔͑⌬ 0 / ប 0 ͒⌬ 1 ͑n 0 +1͒. 31 These predictions are in quantitative agreement with the prior numerical results.
Note also that ⌬ 2 ͑n 0 ͒ scales as ͑n 0 +1͒ 2 , while ⌬ 1 ͑n 0 ͒ ϰ ͑n 0 +1͒ and therefore the two-phonon gap is more sensitive to changes in the phonon population ͑see Fig. 1 inset͒. The results of Ref. 19 for metallic tubes are a particular case of those presented before ͑we remark that ⌬ 2 vanishes for a massless subband͒.
The scaling of the main features observed in Fig. 1͑a͒ with the tube length is further explored in Fig. 3 . The total transmission probabilities at the energies corresponding to the center of the one-and two-phonon emission gaps ͑E ϳ ប 0 /2,ប 0 , the exact value being ␣ dependent͒ are shown as a function of the tube length L. There is a range of L where the transmission at both gaps exhibit an exponential decay due to tunneling followed by a saturation regime. These saturations are due to phonon-assisted tunneling through the gap and are proportional to ␣ 2 . The decay corresponding to energies around the first gap is of the same nature as the one observed for metallic tubes, 19 that is, T͑E ϳ ប 0 /2͒ ϰ exp͑−L / 1 ͒, with 1 ϰ 1/⌬ 1 ϰ 1/␣. In contrast, the exponential decay for energies close to the second gap is T͑E ϳ ប 0 ͒ ϰ exp͑−L / 2 ͒, where 2 ϰ 1/⌬ 2 ϰ 1/␣ 2 . For ␣ = ␣ 0 , we obtain 1 Ӎ 22 nm and 2 Ӎ 3 ϫ 10 2 nm. Note that the above exponential scaling of T with L jeopardizes the interpretation in terms of a diffusive regime governed by some inelastic scattering length, in contrast to common belief. 5 To conclude, we remark that, as discussed in Ref. 19 , the reported phonon-induced energy gaps will develop in the to n =0,1,2 for an electronic circumferential mode q. At the crossing points between these curves ͑see right panel͒, the e-ph interaction can lift the degeneracies, leading to the opening of energy gaps. The Fock states for two of these degeneracy points are indicated in the right panel.
FIG. 3.
Total transmission probability at E Ӎ ប 0 ͑main frame͒ and E Ӎ ប 0 /2 ͑inset͒ as a function of the tube length for n 0 = 0 and ␣ = ␣ 0 , ͱ 2␣ 0 and 2␣ 0 . The other parameters are taken as in Fig. 1͑a͒. out-of-equilibrium regime and are activated at high bias voltage. The calculation of current-voltage characteristics requires, however, a detailed modeling of contact and electrostatic effects, which is left for future study.
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